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We revisit the problem of using a mechanical resonator to perform the transfer of a quantum 
state between two electromagnetic cavities (e.g. optical and microwave). We show that this system 
possesses an effective mechanical dark state which is immune to mechanical dissipation; utilizing this 
feature allows highly efficient transfer of intra-cavity states, as well as of itinerant photon states. We 
provide simple analytic expressions for the fidelity for transferring both Gaussian and non- Gaussian 
states. 
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Introduction- The field of quantum optomechanics, 
where a mechanical resonator is coupled to photons in 
a cavity, has seen remarkable recent progress. Milestones 
include using the backaction of photons to cool a me- 
chanical resonator to near its ground state and the 
observation of strong coupling effects [3-5]. The ability 
of a mechanical resonator to couple to diverse electro- 
magnetic cavities naturally leads to what is perhaps the 
most promising application of this field: the possibility of 
efficiently transferring a quantum state between photons 
with vastly differing wavelengths [gUq^ . Such state trans- 
fer would have direct utility in quantum information pro- 
cessing (e.g. the transfer of quantum information from a 
superconducting qubit in a microwave circuit QED setup 
to an optical photon, or highly non-classical microwave 
states as prepared in Ref. [10] to optical photons). 

Previous investigations of this problem have largely 
considered schemes based on two successive "swap" oper- 
ations in a two-cavity optomechanical system (Fig. [1^). 
One pulses the optomechanical interactions to first ex- 
change the states of the first cavity and the mechanical 
resonator; this is then repeated to exchange the mechan- 
ical and the second cavity states [gI, 0, lllf). While intu- 
itively simple, achieving high-fidelity with this protocol 
is only possible with low levels of cavity and mechanical 
dissipation; we quantify this below. In particular, one 
requires extremely low mechanical bath temperatures. 
This is true even if the mechanics is initially prepared 
in its ground state [i*, , as heating during the transfer 
nonetheless degrades the state. Aspects of this swap- 
scheme were recently implemented experimentally [12]. 

Given the above, it would be highly advantageous to 
find new state transfer schemes less sensitive to mechan- 
ical dissipation. This is the goal of this paper. We show 
that the two-cavity optomechanical system possesses a 
mode which is delocalized between the two cavities while 
simultaneously being decoupled from the mechanical dis- 
sipation; we term this decoupled mode a "mechanically- 
dark" mode, as it is analogous to an atomic state which is 
protected against optical excitation by destructive inter- 
ference 0. We show that by using this dark mode, one 
can perform high-fidelity quantum state transfer of intra- 



cavity states at levels of mechanical dissipation where the 
conventional double- swap scheme is essentially unusable. 

We also show that this dark mode can be used for ef- 
ficient transfer of itinerant photons (e.g. transferring the 
state of photons incident on a microwave cavity to the 
state of photons leaving an optical cavity) . This approach 
is particularly attractive, as it does not require any time- 
dependent variation of optomechanical couplings. Fur- 
ther, if one is willing to only consider the transfer of 
small-bandwidth states, the scheme can also be used 
without requiring optomechanical strong coupling. We 
quantify analytically the fidelity of this scheme for Gaus- 
sian states (in a way that allows easy comparison against 
the intra-cavity transfer schemes mentioned above), as 
well as non-classical states; we also consider limitations 
on the bandwidth of the states that can be transferred. 
These analytic expressions yield a simple intuitive pic- 
ture of the factors limiting fidelity. In the limit of weak 
coupling, this itinerant-photon transfer scheme is equiv- 
alent to that described by Safavi-Naeni et al. [8] (though 
that work did not discuss fidelities, strong coupling, or 
the role of the dark mode). 

Model- We consider an optomechanical system where 
a single mechanical resonator is simultaneously coupled 
to both an optical cavity and a microwave cavity via dis- 
persive couplings (see Fig.[T^). We also focus on the stan- 
dard situation where the bare optomechanical coupling is 
enhanced by strongly driving each cavity, resulting in ef- 
fective linear couplings (see, e.g., 13, [HI)- We work in an 
interaction picture with respect to the two cavity drives, 
and in a displacement picture with respect to the average 
(classical) field in each cavity. The Hamiltonian is: 
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Here, ujm {a) is the mechanical frequency (annihilation 
operator), di is the annihilation operator of cavity i 
(z = 1, 2) in the displaced frame, and is the detuning 
of the drive applied to cavity i. The driven optome- 
chanical coupling between the mechanical resonator and 
cavity i is denoted as Gi] note that these are propor- 
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FIG. 1: (Color online) (a) The two-cavity optomechanical 
system, (b) Fidelity of the double swap (DS) protocol (light 
green) and the adiabatic transfer (AT) protocol (blue) to 
transfer a coherent state \a = 1), where G/27r = 2 MHz 
(solid), G/27T = 0.5 MHz (dashed), and 7 = 27r x 1 KHz, 
um/^tt — 10 MHz. Cavity 1 (2) is a microwave (optical) 
cavity: Qi/27r = 10 GHz (Q2/27r = 100 THz), = = 
27r X 50 KHz. For DS, Gi = G2 = G and the total transfer 
time is = tt/C; while for AT, we used an optimal modula- 
tion where Gl{t) + Gl{t) = is constant [28]. The blue dot- 
ted line corresponds to AT of \a = 0.1) with G/2tt = 2 MHz; 
as the amplitude decay effect is negligible, a long transfer 
time can be used to suppress heating caused by non-adiabatic 
transitions. For DS, the fidelity is mainly limited by heating, 
hence F versus T for \a = 0.1) is almost indistinguishable 
from |a = 1). 



tional to the drive amplitude applied to cavity and thus 
can be controlled in time, i^diss describes the damping 
and driving of the two cavities and mechanical resonator 
by independent Ohmic baths. We let 7 {ni) denote the 
damping rate of the mechanical resonator (cavity z), and 
let Nm {Ni) denote the corresponding bath temperature 
(expressed as a number of thermal quanta). We also as- 
sumed the optimal situation where each cavity is far into 
the resolved-sideband regime uom ^ ^i, and where each 
cavity is driven near the red-detuned mechanical side- 
band (i.e. ~ —(jOm)- This permits us to make a rotat- 
ing wave approximation in writing the optomechanical 
interactions, resulting in a "beam-splitter" form which is 
optimal for state transfer [11]. 

Double-swap protocol- The optomechanical interac- 
tions in Eq. ([T]) can be used to swap states between the 
three modes of the system 0, [llj. The swap proto- 
col involves first turning on the interaction Gi for a time 
tl = 7r/(2Gi) (while G2 = 0), which if 7 = /^i = = 
would swap the states of cavity 1 and the mechanical res- 
onator (i.e. a(t-) = —idi{0) and <ii(t-) = — m(0)). One 
then shuts off Gi and turns on G2 for a time to swap 
the mechanical state to cavity 2. 

The presence of both mechanical and cavity dissipation 
degrades the fidelity of this protocol. To quantify this, 
we consider the simple case of transferring a Gaussian 
state, and calculate the Uhlmann fidelity F [l^ between 
initial and final states. Letting pi (^2) denote the density 
matrix of cavity 1(2) at the start (end) of the transfer. 



we find [26|: 

F . (Tr[(^«V«)"'l)' = ^^OW {-J^) - 

(2) 

Note that we will optimize the fidelity over simple rota- 
tions in phase space (so that if p2 is a rotated version 
of pi, F = 1). F depends on just two parameters: nh 
represents the heating of the state during the protocol 
by noise emanating from cavity and mechanical dissipa- 
tive baths, while A characterizes the decay of the mean 
value of d due to cavity and mechanical damping. Effi- 
cient transfer requires minimizing both these effects. In 
the double-swap protocol, the amplitude-decay will com- 
pletely suppress F unless one is in the strong coupling 
limit Gi > Ki. In this relevant limit, and for the case 
where the state to be transferred is a coherent state |a), 
we find the simple result [27|: 

^ A = |a| 2^ ^^^^ (3) 

i i 

where {jNm + i^Ni) /2 is the average heating rate and 
{f<ii-\-j)/4: is the average amplitude decay rate during each 
time interval. We have assumed the optimal situation 
where the mechanical resonator is initially in its ground 
state (0, 0). Despite this pre-cooling, the mechanical 
contribution to nh can still be large. One thus requires 
an extremely low mechanical bath temperature to ensure 
good fidelity using swap scheme (see Fig. [TJd). 

Effective mechanically- dark mode- From Eq. (|3]), we 
see that the heating nh due to mechanical noise in the 
double-swap scheme is simply the heating rate times 
transfer time, and hence scales as 1/G. We now show 
that transfer protocols exist where the mechanical heat- 
ing effect is even more greatly suppressed with increasing 
G. This is possible by making use of a mode of the two- 
cavity optomechanical system which is simultaneously 
delocalized between both cavities, but at the same time 
is largely immune to to mechanical dissipation. 

Focusing as before on the case where each cav- 
ity is driven at the red-detuned sideband (A^ = 
— cjm), we first note that the coherent part of the 
system Hamiltonian Hq = H — i^diss can be di- 
agonalized as ^0 = with j = ±,0. 

c± = ((2{Gl + G^))"'/' {gJi + G2^i2) ± a/v^) de- 
scribe hybridized mechanical and cavity modes with fre- 
quencies ujm ± + G2 , whereas 

CO = Cdk = {G\ + G^)"'/' (-G2C/1 + GJ^) (4) 

describes a combination of cavity modes which is de- 
coupled from the mechanics. We thus refer to Cdk as 
a "mechanically dark" mode. Note that its frequency is 
^dk = ^M, independent of coupling. As we now demon- 
strate, utilizing this mode allows the efficient transfer of 
both intra-cavity and itinerant photon states. 
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Adiabatic transfer- Consider first the same problem 
addressed by the double-swap scheme, the transfer of an 
intra-cavity state initially in cavity 1 to cavity 2. This 
can be accomplished by using an adiabatic passage ap- 
proach, similar to the well-known STIRAP scheme [17]. 
One modulates Gi{t) and G2{t) so that the dark mode 
adiabatically evolves from being —di at t = to (i2 at 
the end of the protocol at a time t = tf. The cavity state 
is thus transferred from cavity 1 to cavity 2 using the 
the coupling to the mechanics, but without actually pop- 
ulating the mechanics; the result is a greatly enhanced 
protection against mechanical sources of dissipation. 

Fig. [TJd shows how such an adiabatic transfer proto- 
col improves the state transfer fidelity over the double- 
swap scheme when the mechanical heating effect is non- 
negligible. When transferring a Gaussian state, F again 
takes the general form described by Eq. (j2j). The adi- 
abatic "dark state" transfer protocol dramatically sup- 
presses nh compared to the swap scheme. However, to 
remain adiabatic, the transfer must ideally occur over a 
time long compared to 1/G. Thus, similar to the swap 
scheme, one needs strong coupling (i.e. ni <^ Gi) to avoid 
the amplitude-decay suppression of F described by A 
in Eq. ([2]). Nonetheless, the greater resilience against 
mechanical noise presents a strong advantage over the 
double- swap scheme. Note that for the adiabatic-transfer 
fidelities in Fig. [TJd, we take for each temperature an 
optimal transfer time which represents a trade-off be- 
tween heating (via non-adiabatic transitions) and ampli- 
tude decay. A somewhat related scheme for transferring 
atomic motional states was discussed in Ref. pjj; the 
uni-directional "cascaded" coupling used there is funda- 
mentally different from that considered here. 

Itinerant state transfer- While the previously discussed 
transfer schemes require a strong optomechanical cou- 
pling (i.e. Gi ^ /^i), mechanically- mediated transfer is 
also possible in the opposite regime if the goal is to 
transfer a narrow-bandwidth state of photons incident on 
cavity 1 to the state of photons leaving cavity 2 [sl, [l8| . 
We now show that the mechanically-dark state discussed 
above plays an important role in this itinerant-photon 
state transfer, and even allows it to be highly effective in 
regimes of strong optomechanical coupling. We begin by 
writing the Heisenberg-Langevin equations for our sys- 



tem 



li,[2Q|: 



d = —iujMd — ^d — i Gidi — \f^d\^ 
di = —iAidi — Kidi — iGid — \/2Kidi in 



(5) 



with ttin and d^^in representing both input noise (taken 
to be white) and signals driving each resonator. Solv- 
ing this equation in frequency domain yields A[a;] = 
%[co'] Ain[co'], where %[co'] is the 3x3 system suscepti- 
bility matrix and A = {(iifcj], (i2[^], ^[^]}. Using stan- 
dard input-output theory [19], % determines the scatter- 



ing matrix s[cj] which relates output and input fields via 
Aout[^] = s[a;] Ain[ct;]. It will also be useful to transform 
the susceptibility using the (dk, +, — ) basis to describe 
the cavity modes; we denote this matrix %. 

High fidelity transfer from d\^\^ to (i2,out requires that 
over the input signal bandwidth, the transmission coeffi- 
cient |52i[cj]p ~ 1, as well as that |s23[co']p ~ (i.e. neg- 
ligible transmission of mechanical noise). To quantify 
this, we consider a Gaussian input state in a temporal 
mode defined by u\ = (27r)~"^^^ J dijjf \uj\d\^\^\bj\ (see, 
e.g., Ref. [io^). /[cj] describes a wavepacket incident 
on cavity 1 which is localized in both frequency and 
time; / (ia;|/[co']p = 1 to ensure that u\ is a canonical 
bosonic destruction operator. The fidelity of transfer- 
ring this itinerant Gaussian state again takes the general 
form of Eq. (|2j), and the parameters nh and A can be 
calculated analytically [21]. For a coherent state input 

IV^in) oc exp {oLu}^ |0): 



nh = ^ duj\f[uj] S2i [cd]f Ni 



A 



= 1,2,M 



\a\ max 1 



duje 



^«2iMi/Mr 



(6) 



(7) 



We have optimized the final state p2 in Eq. ([2]) over a 
time-translation r, so that if the output pulse is simply 
a time-delayed copy of the input pulse, F = 1. 

To see how the mechanically-dark state aids itiner- 
ant state transfer, consider first the simple case where 
the input state has a narrow bandwidth. To be pro- 
tected against mechanical dissipation, one would ideally 
like the input state incident on cavity 1 to only drive 
the dark mode of the two-cavity optomechanical system, 
i-e. Xdk,i ~ 0. Without dissipation, the dark mode is 
energetically separated from the coupled modes 
and hence this condition is achieved by using an input 
signal with mean frequency uom- Even in the presence 
of dissipation (and the consequent Hfetime broadening 
of mode energies), one still obtains X±,i[^]/Xdk,i[^] 
1/ \/CiC2^ where the co-operativity Ci = G'^/jK^i. As 
long as the co-operativity parameters Q ^ 1, the in- 
put signal only appreciably excites the mechanically-dark 
mode. This is similar to optomechanical electromagnetic- 
induced transparency |22l-l24j: an analogous interference 
prevents the coupled modes dj^^d- from being excited. 

Good fidelity also requires that the dark state, once ex- 
cited by the input state, only leaks out via cavity 2. This 
requires a destructive interference between the promptly 
reflected input signal and the wave leaving the dark mode 
via cavity 1. For Ci,C2 ^ 1, this interference cancella- 
tion results in the simple impedance matching condition 
Ci = C2= C, i.e.: 

Gl/^i = GllK2 (8) 
Taking our input mode [/[co']^ to have mean frequency 
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FIG. 2: Fidelity for transferring itinerant photon states at 
T = 2 K. (a) Fidelity (red, solid) and heating (blue, dashed) 
versus input bandwidth for transferring \a — VS) coherent 
state, (b) Fidelity versus co-operatively C = G"^ / kj in the 
narrow-bandwidth limit. The input states are \a = v^) 
(green, dash-dot), \n = 3) Fock state (blue, dashed), and 
(|1) -h |3))/v^ (red, solid). Unless specified here, the system 
parameters are the same as the dashed line in Fig. [T]d. 



00 M and a Gaussian profile with variance Acj^, and as- 
suming Ci = C2 ^ 1, we find to leading order in Auj: 




Good fidelity requires a high co-operativity C |a|, A^m- 
In the weak-coupling regime G < one also needs 
^^/^c^Acj <C (G^//^), which reflects the width of the 521 [uj] 
transmission resonance. In the opposite regime G ^ 
one needs Acj < n/ ^J\o^\ as shown in Fig. [2^. Further, we 
see that in comparison against the double- swap scheme, 
the mechanical-heating effect described by nh is reduced 
by a large factor n/G. The expression of nh is the usual 
weak- coupling expression for the mechanical temperature 
cavity cooling [l3, [HI; unlike cavity-cooling, it describes 
nh in both weak and strong coupling regimes. 

Transfer of non- classical itinerant states- Given the 
advantages of the itinerant transfer scheme, it is also in- 
teresting to consider how well it is able to transfer non- 
classical states. While in general it is difficult to obtain 
analytic expressions for the evolution of non- Gaussian 
states, we show that here, one can obtain useful and re- 
liable analytic approximations. 

We again consider an input mode in a given temporal 
mode ui] we take this mode to be centered on uom^ and 
for simplicity, to have a vanishingly small bandwidth Acj. 
Suppose now the input state incident on cavity 1 is a 

Fock state of this mode |n) cx (^'^1^ We also take 

the noise driving both cavities to be zero-temperature 
(^Ni = N2 = 0), but allow the mechanical resonator to 
be driven by thermal noise. Letting Pth(^,^m) be the 
probability of having q thermal quanta incident on the 
mechanical resonator, the fidelity can be decomposed as 



F = ^P(r,n) 



00 00 

r=0 g=0 



PthfeiVm) /i'"'"^ (11) 



where P (r, n) is the probability of having r outgoing pho- 
tons leaving cavity 1 and n photons leaving cavity 2, and 
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where 2F1 is the hypergeometric function and s = s {oJrn)- 
Note that in the regime of optimal state transfer Gi = 
C2 = C ^ 1, the probability of having photons leave 
cavity 1 is small: the dark state effectively prevents me- 
chanical photons from contributing, and Eq. (|8]) ensures 
minimal reflection of signal photons. One can thus get a 
good approximation by simply retaining the r = and 
r = 1 term in Eq. (pTj) : F is approximately just the 
probability of obtaining n photons in the cavity 2 output 
mode and at most one photon leaving cavity 1. This is 
a rigorous lower bound on the exact fidelity, and is exact 
to order 1/G. 

In the limit C ^ 1, one finds that to leading order in 
1/C the fidelity for transferring the n-photon itinerant 
Fock state is F :^ 1 - [Nm (3 + 2n) + n] /4C. For Nm > 
1, the condition for a near-unity fidelity is thus C ^ 
Nmtl] for a large-n Fock state, this is more stringent 
than the condition for having a large fidelity transfer of 
a coherent state with |a| ~ ^/n (c.f. Eqs. (|9]). (p!Q]) ). 

Finally, we note that the same approach can be used 
to compute the fidelity of transferring an arbitrary pure 
input state of the form = Cm. |^); the full ex- 
pression is provided elsewhere [28|. The transfer fidelity 
of different non- Gaussian states together with a coherent 
state (for realistic parameters) are shown in Fig. [2]3. 

Conclusions- In this paper, we have proposed using 
a mechanically dark delocalized mode in a two-cavity 
optomechanical system for quantum state transfer. We 
have demonstrated that both intra-cavity states and itin- 
erant photon states can be transferred with high fidelity, 
using parameters within reach of current experiments. 
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THE PULSE MODULATION USED FOR ADIABATIC TRANSFER 

The optimal pulse modulation for adiabatic transfer is one that keeps the energy splitting between levels constant [H ; 
it thus satisfies: 

G\ (t) + Gl {t) = (1) 

In our paper, we used the following shape 



Gl it) = GVtanh/3t, G2 (t) = G^l -tanh/3t (2) 

The parameter /3 represents the speed of the modulation. Slower modulation guarantees a better adiabaticity of the 
state transfer, and hence better protection from the mechanical thermal noise. However, cavity damping will destroy 
the state if the duration of the state transfer is longer than the cavity decay time. These two confiicting requirements 
results in an optimal, non-zero value of /3. High fidelity transfer requires G ^ P ^ n. The optimal value of ^ also 
depends on the temperature as the demand for a better adiabaticity rises as thermal noise gets stronger. The red 
curves in Fig. lb are obtained with both the modulation rate P and the total transfer time optimized for each 
temperature. 

SUPERPOSITION OF FOCK STATES 

We consider a superposition state as the input state of cavity 1 

Pin^ = ^clcm\m)^.^^{n\ (3) 

mn 

|m)-L = {l/Vrn\^ (^i,in) 1^) Fock state of the cavity-1 input, Cm is the corresponding amplitude. Here we 

have assumed a vanishingly small bandwidth so that Ui ~ (ii,in- 
The target state is the same superposition state of cavity 2 output 

Aarget = clCm \m)^^^^^ (n| (4) 
mn 

with |m)2 = ^I/aAttT^ (^<^2,out) 1^)) Fock state of the cavity-2 output. 
The transfer fidelity of such superposition state reads 

00 q-r / \* 



g,r=0 ran d=—n 



with 



j\{j + dy.{n-jy.{r-jy. Ws,s) ' ^' 



2 



where 2^1 is the hypergeometric function, /^'o,^^'^"^"^ is the amphtude for an input state |n,0,g)-^ scattering into 
an output \r^n-\-d^q — r — d)^^^. |n, 0, g) denotes the state with n photon in cavity 1, photon in cavity 2, and q 
phonon in the mechanics. Note that the scattering matrix conserves the total excitation, therefore the amphtudes 
between states with different excitation numbers vanish. 
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